Abstract. The aim of this note is to give an example of a minimal projection in n p , p = 2 onto some subspace V which is not uniquely minimal. This is the first example of non-uniqueness of minimal projection in Lp for 1 < p < ∞, p = 2. We also show that all Chalmers-Metcalf operators for the set of minimal projections onto this V are not invertible on V. Additionally we give the example of the minimal projection which has very few norming points and norming functionals.
Introduction
A projection is taken to mean any bounded linear operator P which carries a Banach space X onto a linear subspace V in such a way that it acts as identity on V. The set of all projections from X onto V we denote by P(X, V ).
A projection P 0 ∈ P(X, V ) is called minimal if P 0 = λ(V, X) = inf{ P : P ∈ P(X, V )}.
(0.1)
The constant λ(V, X) is called the relative projection constant.
Observe that any projection with norm one is automatically minimal, though in general, a given subspace will not be the range of a projection of norm 1. Also, there could be no minimal projection (as the infimum does not have to be attained), for an example see [2] . In many cases the existence of a minimal projection is known a priori (see [14] ). This is the case when the subspace is finite-dimensional or finite-codimensional.
It is very well known that L 1 and L ∞ spaces usually lack uniqueness of minimal projection. For instance, from 2 1 onto V = {(x, y) : x = 0} we have many minimal projections as P (x, y) = (0, x + y) and Q(x, y) = (0, x − y) have both norm 1. Hence, both are minimal. At the same time we can also have uniqueness in 1 . There is only one minimal projection from 2 1 onto V = {(x, y) : x + y = 0} and it is given by the formula P (x, y) = (
2 ). Let us mention here that the classical Fourier projection onto a space of trigonometric polynomial of degree ≤ n is known to be minimal projection in any L p space. It has been proved that this projection is uniquely minimal in L 1 ( [7, 8] ). As to the L p , it has been proved that a Fourier projection from L p onto {1, sin x, cos x} is uniquely minimal [26] . There are several papers which deal with unique minimality of Fourier projection onto trigonometric polynomials with gaps, see [12, 15, 16, 18] for details.
Trivially in L 2 minimal projections are orthogonal projections, all have norm one and are uniquely minimal.
Typeset by A M S-T E X
As to the uniqueness of minimal projections in L p (1 < p < ∞, p = 2), not much is known. The classical result of Cohen-Sullivan [11] says that in L p (1 < p < ∞) the norm one projection is uniquely minimal. As a result, the minimal projections on all one-dimensional subspaces are uniquely minimal in L p (1 < p < ∞). On the other hand, by the result of Odyniec [20, 21, 22, 23] , all minimal projections onto codimension one subspaces are also minimal in L p (1 < p < ∞). Recently, see [25] , it has been proved that minimal projection onto two dimensional subspaces is also unique minimal in L p (1 < p < ∞).
The purpose of this paper is to show that these are the only possible general results on the uniqueness of minimal projections in L p (1 < p < ∞, p = 2). In Section 1 we will prove the following theorem. 
There is a theorem that characterizes norm one projections in 
Combining these two theorems together immediately gives us
Example 0.3. Consider
Then the minimal projection from
As proved in [25] , each minimal projection has to have at least 6 norming points and norming functionals. The following example (proved in Section 1) shows this result cannot be improved. The ratio of the norming points to the dimension of the space V can be arbitrarily small.
Then V is n + 2 dimensional subspace of 2n + 3 dimensional space The constructed examples use the fact that, for p = 2, relative projection constants λ(kerf, n p ) may be different for different functionals f, this fact is not true in
for any two functionals f, g (for proof of this fact see [24] and for the exact value of the relative projection constant λ(ker1, L p [0, 1]) see [13] ).
There are several good survey type papers on minimal projection, the interested reader is referred to [6, 9, 10, 20] .
One of the main tools to study minimal projections is the so-called ChalmersMetcalf operator. It has been introduced in [4, 5] , the reader is alo referred to [19] for more explanations and different approach.
Below we assume that X is a finite dimensional normed space and V is a subspace. S(X) denotes here a unit sphere of X. In this setting the Chalmers-Metcalf theorem has an easy formulation, as proved in [19] .
Let E(P ) be the set of all extremal pairs for P. To each (y, x) ∈ E(P ) we associate the rank-one operator y ⊗ x from X to X given by ( 
The operator (0.3) is called the Chalmers-Metcalf operator. For more interesting properties of this operator see [19] . There are many applications of the above theorem, for examples see [3, 4, 5, 19, 27, 28] .
It is worth mentioning that it has been proved [19] that if Chalmers-Metcalf operator of a minimal projection from L p (1 < p < ∞) onto V is invertible on V then such projection is uniquely minimal. Thus, leading to the theorem that a minimal projection from L p (1 < p < ∞) onto a symmetric subspace V is necessary unique minimal [19] .
For all constructed examples in this paper the Chalmers-Metcalf operator is not invertible on V (see Remark 1.6). It has been shown in [19] that minimal projections can have many different Chalmers-Metcalf operators, some invertible some not.
Results
Let P be a projection from 
From the above computations we now have 
Moreover if Q 0 is a minimal projection from l p onto W, then any projection S of the form S = (P, Q 0 ), where P is a projection from
Proof. Assume (1.8). Let Q 0 be a minimal projection from l p onto W, and P be a projection from l p onto V such that P p < λ(W, l p ). We will prove that S = (P, Q 0 ) is a minimal projection from k+l p onto V × W by constructing a Chalmers-Metcalf operator for this projection (see Theorem 0.6).
Since Q 0 is a minimal projection then by Theorem 0.6 there is
By Theorem 1.4 ( y i , x i ) will be a norming pair for S = (P, Q 0 ). We may define (α i are the same as in (1.10))
If z = (v, 0) for some v ∈ V , then y i (z) = 0. As a result, E (P,Q0) (z) = 0, for z = (v, 0), where v ∈ V. On the other hand, when z = (0, w) for some w ∈ W, then y i (z) = y i (w). By (1.10) and (1.12) we then have
Therefore, the operator given by (1.12) is a Chalmers-Metcalf operator and as a result projection S = (P, Q 0 ) is minimal. As a result by Theorem 1.4 we have Proof. First, assume that S is of the form S = (P, Q 0 ). By Theorem 0.6 every Chalmers-Metcalf operator for S = (P, Q 0 ) has to be of the form 16) where (y i , x i ) ∈ E((P, Q 0 )). But by the Theorem 1.4
Therefore,
Now let S be any minimal projection from k+l p onto V × W, and let E S be a Chalmers-Metcalf operator for S. We know that (P, Q 0 ) is a minimal projection from k+l p onto V ×W. It has been proved in [19] that any Chalmers-Metcalf operator for one minimal projection is also a Chalmers-Metcalf operator for other minimal projection. But any Chalmers-Metcalf operator for (P, Q 0 ) is not invertible on V × W. Hence, E S is also not invertible on V × W.
Proof. Take any L : X → V s.t. L = 0 and L/V = 0. Then for any t, Q t = P + tL is a projection from X onto V. Now the above statement follows from the continuity of the function f (t) = P + tL p . Now we will provide some examples for minimal projections that have very few norming points and norming functionals. We will recall the following theorem Theorem 1.8 [25] . Let f = (1, 1, 1 
